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THE FRO¨LICHER-NIJENHUIS BRACKET AND THE
GEOMETRY OF G2-AND Spin(7)-MANIFOLDS
KOTARO KAWAI, HOˆNG VAˆN LEˆ, AND LORENZ SCHWACHHO¨FER
Abstract. We extend the characterization of the integrability of an al-
most complex structure J on differentiable manifolds via the vanishing of
the Fro¨licher-Nijenhuis bracket [J, J ]FN to an analogous characterization
of torsion-free G2-structures and torsion-free Spin(7)-structures. We
also explain the Ferna´ndez-Gray classification of G2-structures and the
Ferna´ndez classification of Spin(7)-structures in terms of the Fro¨licher-
Nijenhuis bracket.
1. Introduction
A G2-structure on a 7-dimensional manifold M
7 is a 3-form ϕ ∈ Ω3(M7)
which at each point p ∈M7 is contained in a certain open subset of Λ3T ∗pM
7;
similarly, a Spin(7)-structure on an 8-dimensional manifold M8 is given by
a 4-form Φ ∈ Ω4(M8) which at each point is contained in a certain subset
of Λ4T ∗pM
8. Such structures induce both an orientation and a Riemannian
metric on the underlying manifold, denoted by gϕ and gΦ, respectively, and
Φ is self-dual w.r.t. this metric.
Manifolds with G2-structures have first been investigated by Ferna´ndez
and Gray [FG1982], and Spin(7)-structures by Ferna´ndez [Fernandez1986]
who showed that the covariant derivatives ∇ϕ ∈ Ω1(M7,Λ3T ∗M7) and
∇Φ ∈ Ω1(M8,Λ4T ∗M8), respectively, decompose into four irreducible com-
ponents in case of G2-structures and into two irreducible components in the
case of Spin(7)-structures. Thus, the conditions of the vanishing of some of
these components yield 24 = 16 classes of G2-structure and 2
2 = 4 classes
of Spin(7)-structures, respectively, and the underlying geometries were dis-
cussed in [FG1982] and [Fernandez1986]; see also Section 5 below.
A G2-structure (Spin(7)-structure, respectively) is called torsion-free, if
ϕ (Φ, respectively) is parallel. As it turns out, the parallelity of ϕ and Φ,
respectively, is equivalent to ϕ and Φ being harmonic forms.
Alternatively, G2- and Spin(7)-structures may be characterized via certain
(2-fold or 3-fold) cross products on the tangent bundle. These are given as
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the sections
Crϕ := δgϕϕ ∈ Ω
2(M7, TM7), χϕ := −δgϕ ∗ ϕ ∈ Ω
3(M7, TM7)
in case of G2-structures, and as
PΦ := −δgΦΦ ∈ Ω
3(M8, TM8),
where δg : Ω
k+1(M)→ Ωk(M,TM) is the contraction of a differential form
with the Riemannian metric g and have natural interpretations via octonian
multiplication. The triple cross product χ ∈ Ω3(M7, TM7) on a manifold
with a G2-structure has been introduced by Harvey-Lawson [HL1982] and
was used in many papers on deformation of associative submanifolds, see
e.g.[McLean1998], [Kawai2014], [LV2016]. The 3-fold cross product P on R8
has been first explicitly constructed by Brown and Gray [BG1967]. They
also proved that (up to the G2-action) there are exactly two non-equivalent
3-fold cross products on R8 = O. In [HL1982] Harvey and Lawson in-
tensively used the 3-fold cross product on R8 which is related to the Cayley
4-form and hence is invariant under the action of Spin(7). Fernandez showed
the uniqueness of a Spin(7)-invariant 4-form on R8 (up to a multiplicative
constant) and used the associated 3-fold cross product to classify Spin(7)-
structures on 8-manifolds [Fernandez1986].
In this article, we view these cross products as elements of the Fro¨licher-
Nijenhuis Lie algebra Ω∗(M,TM). Namely, it was shown by Fro¨licher-
Nijenhuis in [FN1956] that Ω∗(M,TM) can be given the structure of a
graded Lie algebra using the Fro¨licher-Nijenhuis bracket [ , ]FN in a natural
way. Thus, given a manifold with a G2-structure (M
7, ϕ), we may consider
the Fro¨licher-Nijenhuis brackets
[Crϕ, χϕ]
FN ∈ Ω5(M7, TM7), [χϕ, χϕ]
FN ∈ Ω6(M7, TM7),
(observe that [Cr,Cr]FN = 0 due to graded skew-symmetry), and analo-
gously, for a manifold with a Spin(7)-structure (M8,Φ) we may consider
[PΦ, PΦ]
FN ∈ Ω6(M8, TM8).
These brackets may be regarded as a natural generalization of the Nijenhuis
tensor of an almost complex structure J . Indeed, regarding such a structure
as an element J ∈ Ω1(M,TM), it turns out that [J, J ]FN ∈ Ω2(M,TM)
coincides – up to a constant multiple – with the Nijenhuis tensor of J ,
whence J is integrable if and only if [J, J ]FN = 0 [FN1956b].
Our main result is that the Fro¨licher-Nijenhuis bracket also characterizes
the torsion-freeness of G2- and Spin(7)-structures, respectively. Namely, we
show the following.
Theorem 1.1. Let (M7, ϕ) be a manifold with a G2-structure and the as-
sociated Riemannian metric g = gϕ, and let ∇ be the Levi-Civita connection
of g. Then for every p ∈M7 the following are equivalent.
(1) The G2-structure is torsion-free at p, i.e., (∇ϕ)p = 0.
(2) [Crϕ, χϕ]
FN
p = 0 ∈ Λ
5T ∗pM
7 ⊗ TpM
7.
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(3) [χϕ, χϕ]
FN
p = 0 ∈ Λ
6T ∗pM
7 ⊗ TpM
7.
In fact, we show in Theorem 3.7 that (∇ϕ)p is characterized by either
[χϕ, χϕ]
FN
p , or by the projection of [Crϕ, χϕ]
FN
p onto a subspace isomorphic
to TpM
7 ⊗ TpM
7.
Theorem 1.2. Let (M8,Φ) be a manifold with a Spin(7)-structure, and let
∇ be the Levi-Civita connection of the associated Riemannian metric g = gΦ.
Then for every p ∈M8 the following are equivalent.
(1) The Spin(7)-structure is torsion-free at p, i.e., (∇Φ)p = 0.
(2) [PΦ, PΦ]
FN
p = 0 ∈ Λ
6T ∗pM
8 ⊗ TpM
8.
Namely, we show in Theorem 4.6 that (∇Φ)p is characterized by the
projection of [PΦ, PΦ]
FN
p onto a subspace isomorphic to W
7
p ⊗ TpM
8 for
some rank-7 bundle Λ6T ∗M8 ⊃W 7 →M8.
These explicit descriptions also allow us to give a complete characteriza-
tion of the 16 cases of G2-structures in terms of [Crϕ, χϕ]
FN
p and [χϕ, χϕ]
FN
p ,
and of the 4 classes of Spin(7)-structures in terms of [PΦ, PΦ]
FN
p ; cf. Section
5.
Our paper is organized as follows. In Section 2 we recall the Fro¨licher-
Nijenhuis bracket on Ω∗(M,TM). Then we turn to the case of G2-structures
in Section 3, characterizing the torsion endomorphism and showing the re-
sults that lead us to Theorem 1.1. In Section 4, we repeat this discussion for
the case of Spin(7)-structures which leads to Theorem 1.2. Finally, the char-
acterization of the 16 classes of G2-structures and the 4 classes of Spin(7)-
structures in terms of the Fro¨licher-Nijenhuis bracket is given in Section 5.
The appendix then contains the proofs of some identities on representations
of G2 and Spin(7) which are used throughout the paper.
2. Preliminaries
2.1. The Fro¨licher-Nijenhuis bracket. LetM be a manifold and (Ω∗(M),∧) =
(
⊕
k≥0Ω
k(M),∧) be the graded algebra of differential forms. We shall use
superscripts to indicate the degree of a form, i.e., αk denotes an element of
Ωk(M).
Evidently, contraction ıX : Ω
k(M) → Ωk−1(M) with a vector field X ∈
X(M) is a derivation of degree −1. More generally, for K ∈ Ωk(M,TM) we
define ıKα
l as the contraction of K with αl ∈ Ωl(M) pointwise by
ıκk⊗Xα
l := κk ∧ (ıXα
l) ∈ Ωk+l−1(M),
where κk ∈ Ωk(M) and X ∈ X(M) is a vector field, and this is a derivation
of Ω∗(M) of degree l − 1. Thus, the Nijenhuis-Lie derivative along K ∈
Ωk(M,TM) defined as
(2.1) LK(α
l) := [ıK , d](α
l) = ıK(dα
l) + (−1)kd(ıKα
l) ∈ Ωk+l(M)
is a derivation of Ω∗(M) of degree k.
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Observe that for k = 0 in which case K ∈ Ω0(M,TM) is a vector field,
both ıK and LK coincide with the standard notion of contraction with and
Lie derivative along a vector field.
In [FN1956] [FN1956b], it was shown that Ω∗(M,TM) can be given a
unique Lie algebra structure, called the Fro¨licher-Nijenhuis bracket and de-
noted by [·, ·]FN , such that L defines an action of Ω∗(M,TM) on Ω∗(M),
that is,
(2.2) L[K1,K2]FN = [LK1 ,LK2 ] =: LK1 ◦ LK2 − (−1)
|K1||K2|LK2 ◦ LK1 .
It is given by the following formula for αk ∈ Ωk(M), βl ∈ Ωl(M), X1,X2 ∈
X(M) [KMS1993, Theorem 8.7 (6), p. 70]:
[αk ⊗X1,β
l ⊗X2]
FN = αk ∧ βl ⊗ [X1,X2]
+ αk ∧ LX1β
l ⊗X2 − LX2α
k ∧ βl ⊗X1(2.3)
+ (−1)k
(
dαk ∧ (ıX1β
l)⊗X2 + (ıX2α
k) ∧ dβl ⊗X1
)
.
In particular, for a vector field X ∈ X(M) and K ∈ Ω∗(M,TM) we have
[KMS1993, Theorem 8.16 (5), p. 75]
LX(K) = [X,K]
FN ,
that is, the Fro¨licher-Nijenhuis bracket with a vector field coincides with
the Lie derivative of the tensor field K ∈ Ω∗(M,TM) which means that
exp(tX) : Ω∗(M,TM) → Ω∗(M,TM) is the action induced by (local) dif-
feomorphisms of M .
Example 2.1. Let A ∈ Ω1(M,TM) be an endomorphism field onM . Then
[KMS1993, Remark 8.17, p. 75]
[A,A]FN = 2[A,A]N ,
where [A,A]N is the Nijenhuis tensor of A. W.r.t. a local frame (ei) with
dual frame (ei) we can write A = ei ⊗Aei, whence
LAα
k (2.1)= ei ∧ (ıAeidα
k)− d(ei ∧ (ıAeiα
k))
= A · dαk − d(A · αk),(2.4)
where we denote by · the pointwise action of Ap ∈ End(TpM) on Λ
kT ∗pM .
Observe that by (2.2) we have L[A,A]FN = 2(LA)
2, so that the derivation
LA : Ω
k(M)→ Ωk+1(M) is a differential iff [A,A]N = 0.
For instance, if A = Id then I · αk = ei ∧ (ıeiα
k) = kαk, so that
LIα
k (2.4)= I · dαk − d(I · αk) = (k + 1)dαk − d(kαk) = dαk.
To see another example, let A = J be an almost complex structure. Then
[J, J ]FN = 2[J, J ]N = 0 iff J is integrable, and in this case one calculates
from (2.4) that LJ = −d
c = i(∂ − ∂¯) is the negative of the complex dif-
ferential, where d = ∂ + ∂¯ is the decomposition into the holomorphic and
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anti-holomorphic part of d. In particular, H∗J(Ω
∗(M)) ∼= H∗dR(M) coincides
with the deRham cohomology.
We end this section by providing a formula for the Fro¨licher-Nijenhuis
bracket for those types of forms which we shall be concerned with. Recall
from the introduction that on a Riemannian manifold (M,g) we define the
map
(2.5) δ = δg : Λ
kV ∗ −→ Λk−1V ∗ ⊗ V, δg(α
k) := (ıeiα
k)⊗ (ei)#,
taking the sum over some basis (ei) of TpM with dual basis (e
i) of T ∗pM .
This implies that to each Ψ ∈ Ωk+1(M) we may associate a section δg(Ψ) ∈
Ωk(M,TM).
Proposition 2.2. Let (M,g) be an n-dimensional Riemannian manifold of
dimension n and let Ψl ∈ Ω
kl+1(M), l = 1, 2. Moreover, let
Kl := δg(Ψl) ∈ Ω
kl(M,TM)
with the map δg from (2.5).
Then the Fro¨licher-Nijenhuis bracket at p ∈M is given as
[K1,K2]
FN
p =
(
(ıeiΨ1) ∧ (ıej∇eiΨ2)− (−1)
k1(ıej ıeiΨ1) ∧ e
k ∧ ıei∇ekΨ2
−(ıej∇eiΨ1) ∧ (ıeiΨ2)− (−1)
k1ek ∧ ıei∇ekΨ1 ∧ (ıej ıeiΨ2)
)
⊗ (ej)#,
where (ei) is an arbitrary basis of TpM with dual basis (e
i) of T ∗pM . In
particular, if K1 = K2 =: K and k1 = k2 is odd, then
[K,K]FNp =2
(
(ıeiΨ) ∧ (ıej∇eiΨ) + (ıej ıeiΨ) ∧ e
k ∧ ıei∇ekΨ
)
⊗ (ej)#.
Remark 2.3. If K1 = K2 = K and k1 = k2 is even, then [K,K]
FN = 0
due to the graded skew symmetry of the bracket. Furthermore, observe that
(ej)# = ej in case (ei) is an orthonormal basis.
Proof. Evidently, if this formula holds for some basis (ej) with dual basis
(ej), then it holds for any basis. Therefore, it suffices to show the assertion
for an orthonormal basis (ej) in which case (e
j)# = ej .
Choose geodesic normal coordinates (xi) around p ∈ M in such a way
that (∂i)p := (∂/∂x
i)p is an orthonormal basis of TpM . The dual basis of ∂i
is dxi, whence (dxi)# = gij∂j. Thus,
Kl = (ı∂iΨl)⊗ (dx
i)# = gij(ı∂iΨl)⊗ ∂j .
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Thus, by (2.3)
[K1,K2]
FN =[gij(ı∂iΨ1)⊗ ∂j , g
rs(ı∂rΨ2)⊗ ∂s]
FN
=
(
gij(ı∂iΨ1) ∧ L∂j(g
rs(ı∂rΨ2))⊗ ∂s
− L∂s(g
ij(ı∂iΨ1)) ∧ g
rs(ı∂rΨ2)⊗ ∂j
+ (−1)k1d(gij(ı∂iΨ1)) ∧ ı∂j (g
rs(ı∂rΨ2))⊗ ∂s
+ (−1)k1(ı∂s(g
ij(ı∂iΨ1)) ∧ d(g
rs(ı∂rΨ2))⊗ ∂j .
Since at p, gij = g
ij = δij , ∂rgij = 0, L∂jΨ = ∇ejΨ, ∇∂i∂j = 0, and
∂j = (e
j)#, the asserted formula follows. 
3. Cross products and G2-structures
3.1. G2-structures and associated cross products. In this section we
collect some basic facts onG2-structures, see e.g. [Humphreys1978], [Bryant1987],
[FG1982], [HL1982] for references.
Let M be an oriented 7-manifold. A G2-structure on M is a 3-form
ϕ ∈ Ω3(M) such that at each p ∈M there is a positively oriented basis (ei)
of TpM with dual basis (e
i) such that
(3.1) ϕp = e
123 + e145 + e167 + e246 − e257 − e347 − e356,
where ei1...ik is short for ei1 ∧ · · ·∧ eik . We call such a basis a G2-frame. The
stabilizer of ϕp is isomorphic to the exceptional group G2, and there is a
unique G2-invariant Riemannian metric gϕ on M such that each G2-frame
is orthonormal. In particular, the Hodge-dual of ϕ w.r.t. gϕ is given by
(3.2) ∗gϕ ϕ = e
4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1247.
The set of G2-frames yields a principal G2-bundle
G2(M) = G2(M,ϕ) −→M,
whence for each G2-module V we denote by
(3.3) V (M) := G2(M)×G2 V −→M
the associated vector bundle over M . For instance,
V7(M) ∼= TM ∼= T
∗M.
Definition 3.1. [HL1982] Let (M,ϕ) be an oriented manifold with a G2-
structure ϕ and the induced Riemannian metric g = gϕ. Then the TM -
valued forms Crϕ ∈ Ω
2(M,TM) and χϕ ∈ Ω
3(M,TM) are defined by
Crϕ := δgϕ(ϕ) and χϕ := −δg(∗ϕ),
and are called the 2-fold and 3-fold cross product on M , respectively. That
is, for x, y, z, w ∈ TM we have
gϕ(Crϕ(x, y), z) = ϕ(x, y, z), gϕ(χϕ(x, y, z), w) = ∗ϕ(x, y, z, w).
FRO¨LICHER-NIJENHUIS BRACKET OF G2-AND Spin(7)-MANIFOLDS 7
We shall usually suppress the indices ϕ for g,Cr and χ if it is clear from
the context which G2-structure ϕ is used.
Remark 3.2. If we use the G2-structure to identify each TpM ∼= ImO
with the imaginary octonians, then Cr and χ can be interpreted w.r.t. the
octonian product · : O×O→ O as
Cr(x, y) := (x · y)ImO and χ(x, y, z) := ((x · y) · z − x · (y · z))ImO.
We summarize important known facts about the decomposition of tensor
products of G2-modules into irreducible summands which are well known,
see e.g. [Kar2005, Section 2]. We denote by Vk the k-dimensional irreducible
G2-module if there is a unique such module. For instance, V7 is the irre-
ducible 7-dimensional G2-module from above, and V
∗
7
∼= V7. For its exterior
powers, we obtain the decompositions
(3.4)
Λ0V7 ∼= Λ
7V7 ∼= V1, Λ
2V7 ∼= Λ
5V7 ∼= V7 ⊕ V14,
Λ1V7 ∼= Λ
6V7 ∼= V7, Λ
3V7 ∼= Λ
4V7 ∼= V1 ⊕ V7 ⊕ V27,
where ΛkV7 ∼= Λ
7−kV7 due to the Hodge isomorphism. We denote by Λ
k
l V7 ⊂
ΛkV7 the subspace isomorphic to Vl in the above notation. Evidently, Λ
3
1V7
and Λ41V7 are spanned by ϕ and ∗ϕ, respectively. For the decompositions of
Λ2V7 and Λ
5V7 the following descriptions are well known.
Λ27V7 = {ıvϕ | v ∈ V7},
Λ214V7 = {α
2 ∈ Λ2V7 | ∗ϕ ∧ α
2 = 0},
Λ31V7 = Rϕ,
Λ37V7 = {ıv ∗ ϕ | v ∈ V7},(3.5)
Λ41V7 = R ∗ ϕ,
Λ47V7 = ϕ ∧ V7 = {ϕ ∧ v | v ∈ V7},
Λ57V7 = ∗ϕ ∧ V7 = {∗ϕ ∧ v | v ∈ V7},
Λ514V7 = {α
5 ∈ Λ5V7 | α
5 ∧ (ıvϕ) = 0 for all v ∈ V7}.
We also point out that all representations of G2 are of real type, mean-
ing that for any real irreducible representation V of G2 the complexified
space V C := V ⊗ C is (complex) irreducible; equivalently, a real irreducible
representation of G2 does not admit a G2-invariant complex structure.
These decompositions are used in the appendix to obtain many formulas
which will be used in the sequel.
3.2. The torsion of manifolds with a G2-structure. Let (M,ϕ) be a
manifold with a G2-structure with the corresponding Riemannian metric
g = gϕ, and let ∇ be the Levi-Civita connection of g. In general, ϕ and
∗ϕ will not be parallel w.r.t. ∇, and the failure of their parallelity can be
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described in the following way which is essentially a reformulation of the
intrinsic torsion of a G2-structure discussed in [Bryant2005] and [Kar2005].
Proposition 3.3. Let (M,ϕ) be a manifold with a G2-structure with asso-
ciated Riemannian metric g = gϕ and Levi-Civita connection ∇. Then there
is a section T ∈ Ω1(M,TM) = Γ(End(TM)) such that for all v ∈ TM we
have
(3.6) ∇vϕ = ıT (v) ∗ ϕ and ∇v ∗ ϕ = −(T (v))
♭ ∧ ϕ.
Thus, the section T ∈ Ω1(M,TM) measures how ϕ fails to be parallel,
and this has been described in Ferna´ndez and Gray [FG1982] by slightly
different means. In fact, it contains the same information as the intrinsic
torsion of the G2-structure in the sense of [Bryant2005], whence we use the
following terminology.
Definition 3.4. Let (M,ϕ) be a manifold with a G2-structure. The section
T ∈ Ω1(M,TM) for which (3.6) holds is called the torsion endomorphism
of the G2-structure.
For an orthonormal frame (ei) of TpM we define the coefficients of T by
(3.7) tij := 〈T (ei), ej〉, so that T (ei) = tijej .
Furthermore, we define the form
(3.8) τ := tije
ij =
1
2
(tij − tji)e
ij = ei ∧ T (ei)
♭ ∈ Λ2V ∗7 .
For the exterior derivatives of ϕ and ∗ϕ, we have
(3.9) dϕp = T
⊤
p (ei)
♭ ∧ (ıei ∗ ϕp) and d ∗ ϕp = −τp ∧ ϕp,
where we sum over an orthonormal basis (ei) of TpM in the first equation
and where T⊤p denotes the transpose matrix of Tp. In particular, it is now
a straightforward calculation to show that (M,ϕ) is torsion free at p ∈ M
(i.e., Tp = 0) iff dϕp = 0 and d ∗ ϕp = 0 (cf. [FG1982]).
3.3. The Fro¨licher-Nijenhuis brackets on a manifold with a G2-
structure. In this section, we shall compute part of their Fro¨licher-Nijenhuis
brackets of the sections Cr = δgϕ ∈ Ω
2(M,TM) and χ = −δg ∗ ϕ ∈
Ω3(M,TM). from Definition 3.1 on a manifold M with a G2-structure
ϕ.
The Fro¨licher-Nijenhuis bracket [Cr,Cr]FN vanishes identically due to
the graded skew-symmetry of the bracket. On the other hand, the Fro¨licher-
Nijenhuis brackets [Cr, χ]FN and [χ, χ]FN are elements of Ω5(M,TM) and
Ω6(M,TM), respectively.
Due to the decomposition Λ5V7 = Λ
5
7V7⊕Λ
5
14V7 as a G2-module, we may
decompose
Ω5(M,TM) = Γ(M,Λ57T
∗M ⊗ TM)⊕ Γ(M,Λ514T
∗M ⊗ TM),
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and we denote the projections onto the two summands by pi7 and pi14, re-
spectively. We now wish to show Theorem 1.1 from the introduction. In
order to work towards the proof, we first calculate pi7([Cr, χ]
FN ).
Proposition 3.5. Let (M,g, ϕ) be a manifold with a G2-structure and let
T ∈ Ω1(M,TM) be its torsion endomorphism. Then for each p ∈M,
(3.10) pi7([Cr, χ]
FN
p ) = 2 ∗ ϕ ∧
((
T⊤p − 2Tp − tr(Tp)
)
ei
)♭
⊗ ei,
summing over an orthonormal basis (ei) of TpM , where T
⊤ denotes the
transpose of T . In particular, pi7([Cr, χ]
FN
p ) = 0 if and only if Tp = 0 if and
only if [Cr, χ]FNp = 0.
Proof. We fix p ∈ M and use normal coordinates around p. Then in order
to calculate [Cr, χ]FNp we apply Proposition 2.2 to Ψ1 = ϕ and Ψ2 = ∗ϕ and
obtain
− [Cr, χ]FNp = [(ıeiϕ)⊗ ei, (ıej ∗ ϕ)⊗ ej ]
FN
p =: βj ⊗ ej ,
where
βj = (ıekϕ) ∧ (ıej∇ek ∗ ϕ)− (ıej ıekϕ) ∧ e
l ∧ (ıek∇el ∗ ϕ)
− (ıej∇ekϕ) ∧ (ıek ∗ ϕ)− e
l ∧ (ıek∇elϕ) ∧ (ıej ıek ∗ ϕ).(3.11)
Decomposing Λ5T ∗pM according to (3.5), we write βj = ∗ϕ∧v
♭
j+β
14
j with
vj ∈ TpM and β
14
j ∈ Λ
5
14T
∗
pM , so that pi7([Cr, χ]
FN ) = ∗ϕ ∧ v♭j ⊗ ej . Let
(3.12) bij = ∗((ıeiϕ) ∧ βj).
Then as (ıeiϕ)∧ β
14
j = 0 by (3.5) and (ıeiϕ)∧∗ϕ∧ v
♭
j = 3〈ei, vj〉vol by (6.1),
it follows that
(3.13) pi7(−[Cr, χ]
FN
p ) =
1
3
bij(∗ϕ ∧ e
i)⊗ ej .
In order to determine the coefficients bij , we decompose βj into the four
summands from (3.11). Then from the first summand we get
(ıeiϕ) ∧ (ıekϕ) ∧ (ıej∇ek ∗ ϕ)
(3.6)
= − (ıeiϕ) ∧ (ıekϕ) ∧ (ıej (T (ek)
♭ ∧ ϕ))
= − (ıeiϕ) ∧ (ıekϕ) ∧ (tkjϕ− T (ek)
♭ ∧ (ıejϕ))
(6.3),(6.4)
= − 6tkjδikvol + 2(δiktkj + tkiδkj + tkkδij)vol
= 2(tji − 2tij + tr(T )δij)vol.(3.14)
From the second summand we obtain
10 KOTARO KAWAI, HOˆNG VAˆN LEˆ, AND LORENZ SCHWACHHO¨FER
−(ıeiϕ) ∧ (ıej ıekϕ) ∧ e
l∧(ıek∇el ∗ ϕ)
(3.6)
= (ıeiϕ) ∧ (ıej ıekϕ) ∧ e
l ∧ (ıek(T (el)
♭ ∧ ϕ))
= (ıeiϕ) ∧ (ıej ıekϕ) ∧ e
l ∧ (tlkϕ− T (el)
♭ ∧ (ıekϕ))
(6.6)
= tlk
(
2(δklδji − δjlδki)vol − 2e
jkli ∧ ϕ
)
− (ıeiϕ) ∧ (ıej ıekϕ) ∧ e
l ∧ T (el)
♭ ∧ (ıekϕ)
= 2(tr(T )δij − tji)vol− 2e
ij ∧ τ ∧ ϕ
−
1
2
(ıeiϕ) ∧ ıej ((ıekϕ) ∧ (ıekϕ)) ∧ τ
(6.12)
= 2(tr(T )δij − tji)vol− 2e
ij ∧ τ ∧ ϕ
− 3(ıeiϕ) ∧ (ıej ∗ ϕ) ∧ τ
(6.10)
= 2(tr(T )δij − tji)vol− 2e
ij ∧ τ ∧ ϕ
− 3(−2 ∗ eji + eji ∧ ϕ) ∧ τ
= 2(tr(T )δij − tji)vol + e
ij ∧ τ ∧ ϕ
+ 6tkl(δjkδil − δjlδik)vol
= 2(tr(T )δij + 2tji − 3tij)vol + e
ij ∧ τ ∧ ϕ.(3.15)
From the third term in (3.11) we get
−(ıeiϕ) ∧ (ıej∇ekϕ)∧(ıek ∗ ϕ)
(3.6)
= − (ıeiϕ) ∧ (ıej ıT (ek) ∗ ϕ) ∧ (ıek ∗ ϕ)
(6.7)
= − 2(tkkδji − δjktki)vol − e
j ∧ T (ek)
♭ ∧ eki ∧ ϕ
= − 2(tr(T )δij − tji)vol− e
ij ∧ τ ∧ ϕ.(3.16)
Finally, from the last term in (3.11) we get
−(ıeiϕ) ∧ e
l ∧ (ıek∇elϕ)∧(ıej ıek ∗ ϕ)
(3.6)
= − (ıeiϕ) ∧ e
l ∧ (ıek ıT (el) ∗ ϕ) ∧ (ıej ıek ∗ ϕ)
(6.13)
= 2(ıeiϕ) ∧ e
l ∧ (ıT (el)ϕ) ∧ (ıejϕ)
(6.4)
= 4(tliδlj + δlitlj + tllδij)vol
= 4(tji + tij + tr(T )δij)vol.(3.17)
Thus, adding (3.14) through (3.17), we get from (3.11) that
FRO¨LICHER-NIJENHUIS BRACKET OF G2-AND Spin(7)-MANIFOLDS 11
bijvol = (ıeiϕ) ∧ βj = 2(tji − 2tij + tr(T )δij)vol
+ 2(tr(T )δij + 2tji − 3tij)vol + e
ij ∧ τ ∧ ϕ
− 2(tr(T )δij − tji)vol − e
ij ∧ τ ∧ ϕ
+ 4(tji + tij + tr(T )δij)vol
= 6(2tji − tij + tr(T )δij)vol,
and hence, (3.13) implies (3.10).
Thus, pi7([Cr, χ]
FN
p ) = 0 iff T
⊤
p − 2Tp − tr(Tp)Id = 0. Taking the trace,
this implies that tr(Tp)− 2tr(Tp)− 7tr(Tp) = 0 and hence, tr(Tp) = 0, and
T⊤p − 2Tp = 0 evidently implies that Tp = 0. That is, pi7([Cr, χ]
FN
p ) = 0 iff
Tp = 0, showing the last statement. 
Next, let us consider the bracket [χ, χ]FN .
Proposition 3.6. Let (M,g, ϕ) be a manifold with a G2-structure and let
T ∈ Ω1(M,TM) be its torsion endomorphism with the associated form τ ∈
Ω2(M) from (3.8). Then for each p ∈M,
(3.18) [χ, χ]FNp = −4 ∗ (Tp + T
⊤
p )(ei)⊗ ei + 6e
i ∧ τp ∧ ϕ⊗ ei,
summing over an orthonormal basis (ei) of TpM . In particular, [χ, χ]
FN
p = 0
if and only if Tp = 0.
Proof. According to Proposition 2.2 we have
[χ, χ]FNp = γj ⊗ ej ,
where
(3.19) γj = 2((ıek ∗ ϕ) ∧ (ıej∇ek ∗ ϕ) + (ıej ıek ∗ ϕ) ∧ e
l ∧ (ıek∇el ∗ ϕ)).
Now let cij := ∗(e
i ∧ γj) = 〈ei, (∗γj)
♭〉. Then
(3.20) [χ, χ]FNp = cij ∗ e
i ⊗ ej ,
In order to evaluate the coefficients cij , we consider the two summands in
(3.19) separately, and obtain from the first one
ei ∧ (ıek ∗ ϕ) ∧ (ıej∇ek ∗ ϕ)
(3.6)
= −ei ∧ (ıek ∗ ϕ) ∧ (ıej (T (ek)
♭ ∧ ϕ))
= − tkje
i ∧ (ıek ∗ ϕ) ∧ ϕ+ e
i ∧ (ıek ∗ ϕ) ∧ T (ek)
♭ ∧ (ıejϕ)
(6.2),(6.8)
= − 4tkjδikvol + 2(δiktkj − tkkδij)vol + T (ek)
♭ ∧ eikj ∧ ϕ
= − 2(tij + tr(T )δij)vol + e
ij ∧ τ ∧ ϕ.(3.21)
From the second summand in (3.19) we calculate
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ei ∧ (ıej ıek ∗ ϕ) ∧ e
l ∧ (ıek∇el ∗ ϕ)
(3.6)
= − eil ∧ (ıej ıek ∗ ϕ) ∧ (ıek(T (el)
♭ ∧ ϕ))
= − tlke
il ∧ (ıej ıek ∗ ϕ) ∧ ϕ+ e
i ∧ (ıej ıek ∗ ϕ) ∧ τ ∧ (ıekϕ)
(6.9),(6.14)
= − tlk
(
2(δljδik − δijδlk)vol − e
iljk ∧ ϕ
)
+ 3eij ∧ τ ∧ ϕ
= − 2(tji − tr(T )δij)vol + 2e
ij ∧ τ ∧ ϕ.(3.22)
Thus, adding (3.21) and (3.22), equation (3.19) yields
cijvol = e
i ∧ γj = 2
(
− 2(tij + tr(T )δij)vol + e
ij ∧ τ ∧ ϕ
− 2(tji − tr(T )δij)vol + 2e
ij ∧ τ ∧ ϕ
)
= 2(−2(tij + tji) + 3〈∗e
i, ej ∧ τ ∧ ϕ〉)vol,
and from this and (3.20), the formula (3.18) follows.
In order to show the last statement, observe that [χ, χ]FNp = 0 iff cij = 0
for all i, j. Since then cij+cji = −8(tij+ tji), it follows that tij+ tji = 0 and
hence 0 = cij = 6 ∗ (e
ij ∧ τ ∧ ϕ) for all i, j which implies that τ = tkle
kl = 0
and hence, tkl = tlk. All of this together implies that tij = 0 for all i, j, and
hence, Tp = 0 as asserted. 
We are now ready to show the following result which immediately implies
Theorem 1.1 from the introduction.
Theorem 3.7. Let (M7, ϕ) be a manifold with a G2-structure with asso-
ciated metric g = gϕ, let ∇ be the Levi-Civita connection of g, and let
T ∈ Ω1(M7, TM7) be its torsion endomorphism defined in Definition 3.4.
Then for every p ∈M7 the following are equivalent.
(1) Tp = 0 ∈ T
∗
pM
7 ⊗ TpM
7.
(2) The G2-structure is torsion-free at p, i.e., (∇ϕ)p = 0.
(3) pi7([Cr, χ]
FN
p ) = 0 ∈ Λ
5
7T
∗
pM
7 ⊗ TpM
7.
(4) [Cr, χ]FNp = 0 ∈ Λ
5T ∗pM
7 ⊗ TpM
7.
(5) [χ, χ]FNp = 0 ∈ Λ
6T ∗pM
7 ⊗ TpM
7.
Proof. The equivalence of the first two statements is well known, see e.g.
[FG1982]. Proposition 3.5 shows the equivalence of the first and the third,
whereas Proposition 3.6 shows the equivalence of the first and the last state-
ment. That (∇ϕ)p = 0 implies [Cr, χ]
FN
p = 0 is immediate from the formula
of the bracket in Proposition 2.2, and obviously, [Cr, χ]FNp = 0 implies
pi7([Cr, χ]
FN
p ) = 0. 
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4. Cross products and Spin(7)-structures
4.1. Spin(7)-structures and associated cross products. The exposition
in this section mainly follows the references [Bryant1987], [Fernandez1986],
[HL1982].
Let M be an oriented 8-manifold. A Spin(7)-structure on M is a 4-form
Φ ∈ Ω4(M) such that at each p ∈ M there is a positively oriented basis
(eµ)
7
µ=0 of TpM with dual basis (e
µ)7µ=0 such that Φp ∈ Λ
4TpM is of the
form
Φp := e
0123 + e0145 + e0167 + e0246 − e0257 − e0347 − e0356(4.1)
+e4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1247.
Throughout this section, we shall use Greek indices µ, ν, . . . to run over
0, . . . , 7, whereas Latin indices i, j, . . . range over 1, . . . , 7.
A basis (eµ) of TpM whose dual basis (e
µ) satisfies (4.1) is called a Spin(7)-
frame. Observe that if we define for a Spin(7)-frame (eµ) the forms ϕp and
∗7ϕp on Vp := span(ei)
7
i=1 ⊂ TpM as in (3.1) and (3.2), then
Φp = e
0 ∧ ϕp + ∗7ϕp.
The stabilizer of Φp is the group Spin(7) acting on TpM via the spinor
representation, and there is a unique Spin(7)-invariant Riemannian metric
gΦ on M such that each Spin(7)-frame is orthonormal. In particular, Φ is
self-dual w.r.t. gΦ. The set of all Spin(7)-frames forms a principal Spin(7)-
bundle
Spin(7)M = Spin(7)(M,Φ) −→M,
and again, for each Spin(7)-module W we obtain the associated vector bun-
dle
(4.2) W (M) := Spin(7)M ×Spin(7) W −→M.
For instance, if we denote the k-dimensional irreducible Spin(7)-module by
Wk (in case the dimension uniquely specifies this module), then
W8(M) ∼= TM ∼= T
∗M.
It is well known that the action of Spin(7) on W8 is transitive on the
unit sphere S7 ⊂ W8, and the stabilizer of an element is isomorphic to
G2 ⊂ Spin(7). In analogy of the products Cr and χ on manifolds with a
G2-structure in Definition 3.1, we define on a Spin(7)-manifold M a triple
product as follows.
Definition 4.1. Let (M,Φ) be manifold with a Spin(7)-structure, and let
g = gΦ be the induced Riemannian metric. Then the TM -valued form
P = PΦ ∈ Ω
3(M,TM) is defined by
PΦ := −δgΦ(Φ),
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and is called the 3-fold cross product on M . That is, for x, y, z, w ∈ TM we
have
(4.3) g(P (x, y, z), w) = Φ(x, y, z, w).
We shall usually suppress the indices Φ for g and P if it is clear from the
context which Spin(7)-structure Φ is used.
4.2. Spin(7)-representations. In this section, we shall discuss the decom-
position of symmetric and anti-symmetric powers ofW8 as Spin(7)-modules.
For its exterior powers, we obtain the decompositions
Λ0W8 ∼= Λ
8W8 ∼=W1, Λ
2W8 ∼= Λ
6W8 ∼=W7 ⊕W21,
Λ1W8 ∼= Λ
7W8 ∼=W8, Λ
3W8 ∼= Λ
5W8 ∼=W8 ⊕W48,(4.4)
Λ4W8 ∼=W1 ⊕W7 ⊕W27 ⊕W35
where ΛkW8 ∼= Λ
8−kW8 via the Hodge-∗. Again, we denote by Λ
k
lW8 ⊂
ΛkW8 the subspace isomorphic to Wl in the above notation.
Moreover, there are also irreducible decompositions of the symmetric pow-
ers of W7 and W8 as
(4.5) ⊙2 W7 ∼=W1 ⊕W27, ⊙
2W8 ∼=W1 ⊕W35
into the induced Spin(7)-invariant metric and the trace free symmetric ten-
sors; see [Humphreys1978].
Lemma 4.2. Let e0 ∈ W8 be a unit vector, let V7 := e
⊥
0 on which Spin(7)
acts as the double cover of SO(7), so that V7 ∼= W7 as a Spin(7)-module.
Then the following maps are Spin(7)-equivariant embeddings.
(4.6) λk : W7 −→ Λ
kW8,
λ2(v) := e0 ∧ v♭ + (ıvϕ)
λ4(v) := e0 ∧ (ıv ∗7 ϕ)− v
♭ ∧ ϕ
λ6(v) := Φ ∧ λ2(v) = 3 ∗ λ2(v)
Here ∗ and ∗7 denote the Hodge-∗ in W8 and V7, respectively.
Proof. The decompositions in (4.5) imply that there are Spin(7)-equivariant
maps λk : W7 → Λ
kW8, and these are unique up to rescaling.
The equivariance of λ2 follows from [SW2017, p.68], and thus, Φ∧λ2(v) ∈
Λ67W8, whence Φ ∧ λ
2(v) = 3 ∗ λ2(v) follows from [SW2017, Theorem 9.8].
This shows the statement on λ6.
By [SW2017, Theorem 9.8], Λ47W8 is the infinitesimal orbit of Φ under
the action of so(W8) ∼= Λ
2W8. That is,
Λ47W8 = {(u
♭ ∧ v♭) · Φ | u, v ∈W8} = {u
♭ ∧ (ıvΦ)− v
♭ ∧ (ıuΦ) | u, v ∈W8}.
Setting u := e0 and picking v ∈ e
⊥
0
∼=W7 for a Spin(7)-frame (eµ), it follows
that the image of λ4 equals Λ47W8, and since λ
4 is evidently G2-equivariant,
it must coincide with the Spin(7)-equivariant map W7 → Λ
4
7W8. 
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From this lemma, we obtain the following descriptions of the decomposi-
tions, which essentially recapitulates [SW2017, Theorem 9.8].
Λk7W8 = {λ
k(v) | v ∈ V7} for k = 2, 4, 6,
Λ221W8 = {α
2 ∈ Λ2W8 | α
2 ∧ Φ ∧ λ2(v) = 0 for all v ∈ V7},
Λ621W8 = {α
6 ∈ Λ6W8 | α
6 ∧ λ2(v) = 0 for all v ∈ V7},
Λ38W8 = {ıaΦ | a ∈W8},
Λ58W8 = {a
♭ ∧ Φ | a ∈W8},
Λ348W8 = {α
3 ∈ Λ3W8 | Φ ∧ α
3 = 0},(4.7)
Λ548W8 = {α
5 ∈ Λ3W8 | Φ ∧ ∗α
5 = 0},
Λ41W8 = RΦ,
Λ427W8 = span{λ
2(v) ∧ λ2(w) | v,w ∈ V7, 〈v,w〉 = 0}
Λ435W8 = {α
4 | ∗α4 = −α4}.
We also recall the decomposition of the tensor product
(4.8) Lin(W8,W7) :=W
∗
8 ⊗W7 =W8 ⊕W48.
Here, the summand isomorphic to W8 is given as
(4.9) {(ıaλ
2(ei))⊗ ei | a ∈W8},
where the sum is taken over an orthonormal basis (ei) of V7 ∼=W7. Finally,
we define the Spin(7)-invariant tensor σ ∈ (W8 ⊗W7 ⊗W8 ⊗W7)
∗ by
(4.10) σ(a, u, b, v) :=
1
2
∗ (a♭ ∧ b♭ ∧ λ4(u) ∧ λ2(v)).
Contraction with the inner products on W7 and W8 induces a Spin(7)-
equivariant map
φσ : Lin(W8,W7) −→ Lin(W8,W7)(4.11)
φσ(A)(a) := σ(a,A(eµ), eµ, ei) ei.
We calculate
λ4(u) ∧ λ2(v) = (e0 ∧ (ıu ∗7 ϕ)− u
♭ ∧ ϕ) ∧ (e0 ∧ v♭ + ıvϕ)
= e0 ∧ (ıu ∗7 ϕ) ∧ (ıvϕ) + e
0 ∧ u♭ ∧ v♭ ∧ ϕ− u♭ ∧ ϕ ∧ (ıvϕ)
(6.10),(6.11)
= 2u♭ ∧ v♭ ∧ (e0 ∧ ϕ− ∗7ϕ)− 2e
0 ∧ (∗7(u
♭ ∧ v♭)).(4.12)
Lemma 4.3. The map φσ has eigenvalues −1 and 6 with multiplicity 48
and 8, respectively.
Proof. Observe that the Spin(7)-invariant inner products on W7 and W8
induce an inner product on Lin(W8,W7) = W
∗
8 ⊗W7 for which (e
µ ⊗ ei) is
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an orthonormal basis whenever (eµ) is an orthonormal basis of W8 so that
V7 = e
⊥
0 is spanned by (ei). This induced inner product satisfies
〈φσ(e
µ ⊗ ei), e
ν ⊗ ej〉Lin(W8,W7) = 〈φσ(e
µ ⊗ ei)(eν), ej〉W7 = σ(eν , ei, eµ, ej),
and since σ(eµ, ei, eµ, ej) = 0, it follows that the matrix representation of
φσ w.r.t. the basis (e
µ ⊗ ei) has 0’s on the diagonal, whence tr(φσ) = 0.
Furthermore, φσ is self-adjoint since σ(a, u, b, v) = σ(b, v, a, u) by (4.10) and
(4.12), whence has real eigenvalues.
Decomposing Lin(W8,W7)
(4.8)
∼= W8⊕W48, (4.9) implies that the elements
in the summand congruent to W8 are given by the maps
Aa :W8 −→W7, Aa(b) := 〈(ıaλ
2(ei))
#, b〉ei
for a fixed a ∈ W8. In order to calculate φσ(Aa), observe that Spin(7) acts
transitively on the unit sphere, whence we may assume w.l.o.g. that a = e0,
so that
Ae0(b) = 〈ei, b〉ei = pre⊥
0
(b),
where pre⊥
0
: W8 → e
⊥
0 = V7 is the orthogonal projection. Thus,
φσ(Ae0)(b) = σ(b,Ae0(eµ), eµ, ei) ei = σ(b, ej , ej , ei) ei
(4.12)
= ∗
(
b♭ ∧ ej ∧
(
ej ∧ ei ∧ (e0 ∧ ϕ− ∗7ϕ) − e
0 ∧ (∗7e
ji)
))
ei
= ∗
(
e0 ∧ b♭ ∧ ej ∧ (∗7e
ij)
)
ei
= (1− δij) ∗ (e
0 ∧ b♭ ∧ ∗7e
i)ei
= 6〈b, ei〉ei = 6Ae0(b),
so that φσ(Aa) = 6Aa for all Aa. By Schur’s lemma and since φσ is self-
adjoint, φσ|W48 = cIdW48 for some c ∈ R, whence
0 = tr(φσ) = 6dimW8 + cdimW48,
and from this, c = −1 and the lemma follows. 
For a manifold with a Spin(7)-structure (M,Φ) and induced metric g =
gΦ, the covariant derivative gΦ ∇vΦ w.r.t. the Levi-Civita connection is
contained in the infinitesimal orbit of so(TpM,gp) [Bryant1987] and hence in
Λ47T
∗M . That is, there is a section T ∈ Ω1(M,W7(M)) = Γ(Lin(TM,W7(M)))
such that
(4.13) ∇vΦ = λ
4(T (v)) = e0 ∧ (ıT (v) ∗ ϕ)− (T (v))
♭ ∧ ϕ
with the map λ4 : W7 → Λ
4
7TpM from (4.6). In analogy to Definition 3.4,
we use the following terminology.
Definition 4.4. Let (M,Φ) be a manifold with a Spin(7)-structure. The
section T ∈ Ω1(M,W7(M)) for which (4.13) holds is called the torsion en-
domorphism of the Spin(7)-structure.
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4.3. The Fro¨licher-Nijenhuis brackets on a manifold with a Spin(7)-
structure. Recall the section P = −δgΦ ∈ Ω
3(M,TM) on a manifold
with a Spin(7)-structure (M,Φ) from Definition 4.1. We wish to relate its
Fro¨licher-Nijenhuis bracket to its torsion. In order to do this, recall that
[P,P ]FN ∈ Ω6(M,TM).
Due to the decomposition Λ6W8 = Λ
6
7W8 ⊕ Λ
6
21W8 as a G2-module, we
may decompose
Ω6(M,TM) = Γ(M,Λ67T
∗M ⊗ TM)⊕ Γ(M,Λ621T
∗M ⊗ TM),
and we denote the projections onto the two summands by pi7 and pi21, re-
spectively.
Proposition 4.5. Let (M,Φ) be a manifold with a Spin(7)-structure with
the torsion endomorphism T ∈ Ω1(M,W7(M)) from (4.13), and let P =
−δgΦ ∈ Ω
3(M,TM) be as before. Then for p ∈M ,
(4.14) pi7([P,P ]
FN
p ) = −
2
3
Φ ∧ λ2
(
(4Tp + φσ(Tp))(eµ)
)
⊗ eµ.
In particular, pi7([P,P ]
FN
p ) = 0 iff Tp = 0.
Proof. By Proposition 2.2, [P,P ]FNp = γµ ⊗ eµ, where γµ ∈ Λ
6T ∗pM is given
by
(4.15) γµ = 2((ıeνΦ) ∧ ıeµ(∇eνΦ) + (ıeµıeνΦ) ∧ e
ρ ∧ (ıeν∇eρΦ)).
If we decompose γµ = Φ∧ λ
2(vµ) + γ
21
µ with γ
21
µ ∈ Λ
6
21T
∗
pM , then for any
v ∈ V7 = e
⊥
0 we have γ
21
µ ∧ λ
2(v) = 0 by (4.7) and hence,
γµ ∧ λ
2(v) = Φ ∧ λ2(vµ) ∧ λ
2(v)
= (e0 ∧ ϕ+ ∗7ϕ) ∧ (e
0 ∧ v♭µ + ıvµϕ) ∧ (e
0 ∧ v♭ + ıvϕ)
= e0 ∧ ϕ ∧ (ıvµϕ) ∧ (ıvϕ) + ∗7ϕ ∧ e
0 ∧ v♭µ ∧ (ıvϕ)
+ ∗7ϕ ∧ (ıvµϕ) ∧ e
0 ∧ v♭
(6.3),(6.1)
= 6〈vµ, v〉vol + 3〈vµ, v〉vol + 3〈vµ, v〉vol = 12〈vµ, v〉vol.
Thus,
(4.16) pi7([P,P ]
FN
p ) =
1
12
∗ (γµ ∧ λ
2(ei)) Φ ∧ λ
2(ei)⊗ eµ.
For arbitrary v ∈ V7 = e
⊥
0 we compute
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γµ ∧ λ
2(v) = 2((ıeνΦ) ∧ ıeµ(∇eνΦ) ∧ λ
2(v)
+ (ıeµıeνΦ) ∧ e
ρ ∧ (ıeν∇eρΦ) ∧ λ
2(v))
= 2((ıeνΦ) ∧ ıeµλ
4(Tp(eν)) ∧ λ
2(v)
+ (ıeµıeνΦ) ∧ e
ρ ∧ (ıeνλ
4(Tp(eρ))) ∧ λ
2(v))
(6.17),(6.18)
= 2((−4δµν〈T (eν), v〉vol + e
νµ ∧ λ4(Tp(eν)) ∧ λ
2(v))
+ (−12δµρ〈Tp(eρ), v〉vol + e
ρµ ∧ λ4(Tp(eρ)) ∧ λ
2(v))
= 2(−16〈Tp(eµ), v〉vol − 2e
µν ∧ λ4(Tp(eν)) ∧ λ
2(v))
= 2
(
− 16〈Tp(eµ), v〉 − 4σ(eµ, Tp(eν), eν , v)
)
vol
(4.11)
= − 8〈(4Tp + φσ(Tp))(eµ), v〉vol,
and this together with (4.16) implies (4.14) and completes the proof. 
With this, we are now ready to prove the following which immediately
implies Theorem 1.2 from the introduction.
Theorem 4.6. Let (M8,Φ) be a manifold with a Spin(7)-structure (M8,Φ),
let ∇ be the Levi-Civita connection of g = gΦ, and let T ∈ Ω
1(M8,W7(M
8))
be its torsion endomorphism defined in Definition 4.4. Then for every p ∈
M8 the following are equivalent.
(1) Tp = 0 ∈ T
∗
pM
8 ⊗W 7(M)p.
(2) The Spin(7)-structure is torsion-free at p, i.e., (∇Φ)p = 0.
(3) pi7([P,P ]
FN
p ) = 0 ∈ Λ
6
7T
∗
pM
8 ⊗ TpM
8.
(4) [P,P ]FNp = 0 ∈ Λ
6T ∗pM
8 ⊗ TpM
8.
Proof. The equivalence of the first two statements was shown in [Fernandez1986].
Also, Tp = 0 implies (∇Φ)p = 0, whence by Proposition 2.2, [P,P ]
FN
p = 0,
and this trivially implies pi7([P,P ]
FN
p ) = 0.
By (4.14), pi7([P,P ]
FN
p ) = 0 iff 4Tp + φσ(Tp) = 0, and since φσ does not
have −4 as an eigenvalue by Lemma 4.3, this implies that Tp = 0. 
5. The 16 classes of G2- and 4 classes of Spin(7)-structures
In this section, we shall interpret the classification of G2-structures and of
Spin(7)-structures ([FG1982] and [Fernandez1986]) in terms of the Fro¨licher-
Nijenhuis bracket.
For the G2-case, this classification is given by determining which com-
ponents of the torsion endomorphism T vanish, where T is regarded as a
section of the endomorphism bundle End(TM7) which is G2-equivariantly
isomorphic to
(5.1) V7(M
7)⊗ V7(M
7) ∼= V1(M
7)⊕ V7(M
7)⊕ V14(M
7)⊕ V27(M
7).
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Since this decomposition has 4 summands, the classification consists of 24 =
16 cases.
Observe that both Λ57T
∗M7⊗TM7 and Λ6T ∗M7⊗TM7 areG2-equivariantly
isomorphic to V7(M
7)⊗ V7(M
7), where explicit isomorphisms are given by
K : Λ57T
∗M7 ⊗ TM7 ∋ (∗ϕ ∧ v♭)⊗ w 7−→ v♭ ⊗w ∈ T ∗M7 ⊗ TM7
L : Λ6T ∗pM
7 ⊗ TM7 ∋ (∗v♭)⊗ w 7−→ v♭ ⊗w ∈ T ∗M7 ⊗ TM7.
If (M7, ϕ) is a manifold with a G2-structure and the cross products Cr
and χ, then we define the sections
Kπ7([Cr,χ]FN), L[χ,χ]FN ∈ Γ(End(TM)).
Therefore, by Propositions 3.5, 3.6 there are G2-equivariant vector bundle
isomorphisms
τ1, τ2 : End(TM
7) −→ End(TM7)
such that for the torsion endoromphism T ∈ Γ(End(TM)) we have
(5.2) τ1(T ) = Kπ7([Cr,χ]FN) and τ2(T ) = L[χ,χ]FN ,
where by a slight abuse of notation we denote the map τi : Γ(End(TM))→
Γ(End(TM)) applying τi pointwise by the same symbol.
For an element A = aije
i⊗ej ∈ End(V7) let us denote its skew-symmetrization
by
σA := aije
ij ∈ Λ2V ∗7 .
With this notation, it follows from (3.10) and (3.18) that τ1 and τ2 take the
form
τ1(T ) = 2
(
T − 2T⊤ − tr(T )id
)
,
τ2(T ) = −4(T + T
⊤) + 6 ∗ (ei ∧ σT ∧ ϕ) ⊗ ei,
summing over some basis (ei) with dual basis (e
i).
The G2-equivariance of τ1 and τ2 and (5.2) now implies that the Vk(M)-
component of T vanishes if and only if the Vk(M)-component ofKπ7([Cr,χ]FN )
vanishes if and only if the Vk(M)-component of L[χ,χ]FN vanishes. Since the
cases in the Fernandez-Gray classification are determined by the vanishing
of the components of T , we obtain the interpretation of these cases given in
Table 1.
The interpretation of manifolds (M8,Φ) with a Spin(7)-structure is anal-
ogous. Again, the torsion T and the projection pi7([P,P ]
FN ) are sections of
the Spin(7)-equivariantly isomorphic bundles T ∗M8⊗W7(M
8) and Λ67T
∗M8⊗
TM8, respectively, with an explicit identification given by
H : Λ67T
∗M8 ⊗W7(M
8) ∋ Φ ∧ (λ2(a)) ⊗ v 7−→ v♭ ⊗ a ∈ T ∗M8 ⊗W7(M
8),
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Table 1.
Classes
Relation on
A ∈ {T,Kπ7([Cr,χ]FN), L[χ,χ]FN}
V1(M)⊕ V7(M)⊕ V14(M)⊕ V27(M) no relation
V7(M)⊕ V14(M)⊕ V27(M) tr(A) = 0
V1(M)⊕ V14(M)⊕ V27(M) σA ∈ Ω
2
14(M)
V1(M)⊕ V7(M)⊕ V27(M) σA ∈ Ω
2
7(M)
V1(M)⊕ V7(M)⊕ V14(M) A+A
⊤ − 27tr(A)idTM = 0
V14(M)⊕ V27(M) σA ∈ Ω
2
14(M), tr(A) = 0
V7(M)⊕ V27(M) σA ∈ Ω
2
7(M), tr(A) = 0
V7(M)⊕ V14(M) A+A
⊤ = 0
V1(M)⊕ V27(M) A−A
⊤ = 0
V1(M)⊕ V14(M) A+A
⊤ − 27 tr(A)idTM = 0, σA ∈ Ω
2
14(M)
V1(M)⊕ V7(M) A+A
⊤ − 27tr(A)idTM = 0, σA ∈ Ω
2
7(M)
V27(M) A−A
⊤ = 0, tr(A) = 0
V14(M) A+A
⊤ = 0, σA ∈ Ω
2
14(M)
V7(M) A+A
⊤ = 0, σA ∈ Ω
2
7(M)
V1(M) A =
1
7tr(A)idTM
{0} A = 0
and if (M8,Φ) is a manifold with a Spin(7)-structure and the 3-fold product
P , then by (4.14)
Hπ7([P,P ]FN) = τ3(T ), where τ3(T ) = −
2
3
(4T + φσ(T )).
Here, by abuse of notation we regard φσ as the pointwise application of the
map from (4.11) to sections of W7(M
8)⊗ T ∗M8 ∼= Lin(W8(M
8),W7(M
8)).
By (4.8), W7(M
8) ⊗ T ∗M8 can be decomposed as W8(M
8) ⊕W48(M
8)
whence by the Spin(7)-equivariance of τ3, the Wk(M
8)-component of T van-
ishes if and only if the Wk(M
8)-component of Hπ7([P,P ]FN) does. Since the
classification of Ferna´ndez [Fernandez1986] into 22 = 4 different cases is
given by the vanishing of the components of the torsion T , it follows that
these cases can be also interpreted by the vanishing of the components of
Hπ7([P,P ]FN), which leads to the interpretation of the classes of Spin(7)-
manifolds given in Table 2, where prk : W7(M
8)⊗ T ∗M8 → Wk(M
8) is the
canonical projection.
6. Appendix
In this appendix, we shall collect some of the formulas which we needed
in the calculations in this paper. Most of them are known and can be found
in a similar form e.g. in [SW2017, Lemma 4.37], but we shall collect them
here for the reader’s convenience.
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Table 2.
Classes
Relation on
A ∈ {T,Hπ7([P,P ]FN)}
W8 ⊕W48 no relation
W48 pr8(A) = 0
W8 pr48(A) = 0
{0} A = 0
Lemma 6.1. For all u, v, w, r ∈ V7 and any orthonormal basis (ei) of V7
the following identities hold.
u♭ ∧ (ıvϕ) ∧ ∗ϕ = 3〈u, v〉vol(6.1)
u♭ ∧ (ıv ∗ ϕ) ∧ ϕ = 4〈u, v〉vol(6.2)
(ıuϕ) ∧ (ıvϕ) ∧ ϕ = 6〈u, v〉vol(6.3)
u♭ ∧ (ıvϕ) ∧ (ıwϕ) ∧ (ırϕ) = 2
(
〈v,w〉〈u, r〉(6.4)
+ 〈u, v〉〈w, r〉 + 〈u,w〉〈v, r〉
)
vol
(ıuıv ∗ ϕ) ∧ w
♭ ∧ ∗ϕ = − 2u♭ ∧ v♭ ∧ w♭ ∧ ∗ϕ(6.5)
(ıuıvϕ) ∧ w
♭ ∧ (ırϕ) ∧ ϕ = 2(〈v,w〉〈u, r〉 − 〈u,w〉〈v, r〉)vol(6.6)
− 2u♭ ∧ v♭ ∧ w♭ ∧ r♭ ∧ ϕ
(ıuıv ∗ ϕ) ∧ (ıw ∗ ϕ) ∧ (ırϕ) = 2(〈v,w〉〈u, r〉 − 〈u,w〉〈v, r〉)vol(6.7)
+ u♭ ∧ v♭ ∧ w♭ ∧ r♭ ∧ ϕ
u♭ ∧ v♭ ∧ (ıw ∗ ϕ) ∧ (ırϕ) = 2(〈v,w〉〈u, r〉 − 〈u,w〉〈v, r〉)vol(6.8)
+ u♭ ∧ v♭ ∧ w♭ ∧ r♭ ∧ ϕ
u♭ ∧ v♭ ∧ (ıwır ∗ ϕ) ∧ ϕ = 2(〈v,w〉〈u, r〉 − 〈u,w〉〈v, r〉)vol(6.9)
− u♭ ∧ v♭ ∧ w♭ ∧ r♭ ∧ ϕ
(ıu ∗ ϕ) ∧ (ıvϕ) = − 2 ∗ (u
♭ ∧ v♭) + u♭ ∧ v♭ ∧ ϕ(6.10)
ϕ ∧ (ıuϕ) = 2u
♭ ∧ ∗ϕ(6.11)
(ıeiϕ)
2 = 6 ∗ ϕ(6.12)
(ıuıei ∗ ϕ) ∧ (ıvıei ∗ ϕ) = 2(ıuϕ) ∧ (ıvϕ)(6.13)
(ıuıei ∗ ϕ) ∧ (ıeiϕ) = 3u
♭ ∧ ϕ(6.14)
Proof. For the proof of these identities, observe that the left hand side of
each equation is a G2-invariant element of some tensor power of V7, and
therefore it has to be a linear combination of the summands on the right
hand side; the coefficients of this linear combination then can be determined
by using the explicit formulas for ϕ and ∗ϕ in (3.1) and (3.2).
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To pick one explicit example which is not among the identities shown in
[SW2017], observe that the left hand side of (6.4) is an element of (V7 ⊗
⊙3V7)
G2 . Since ⊙3V7 ∼= V7⊕ V77, we have dim(V7 ⊗⊙
3V7)
G2 = 1, and there
is one G2-invariant element of V7⊗⊙
3V7 given by deriving the square of the
scalar product which lies in ⊙4V7. Thus,
u♭ ∧ (ıvϕ) ∧ (ıwϕ) ∧ (ırϕ) = c
(
〈v,w〉〈u, r〉(6.15)
+ 〈u, v〉〈w, r〉 + 〈u,w〉〈v, r〉
)
vol.
for some constant c ∈ R. Now setting u = v = w = r =: e1 and using (3.1)
implies that c = 2, showing (6.4).
The remaining identities are shown in a similar fashion. 
The following two decompositions of G2- and Spin(7)-representations is
also well known, cf. [SW2017, Theorem 8.5, 9.8], [Kar2005, (4.7), (4.8)].
Lemma 6.2. Decompose Λ2V ∗7 = Λ
2
7V
∗
7 ⊕ Λ
2
14V
∗
7 according to (3.5). Then
Λ27V
∗
7 = {α
2 ∈ Λ2V ∗7 | ∗(α
2 ∧ ϕ) = 2α2}, and
Λ214V
∗
7 = {α
2 ∈ Λ2V ∗7 | ∗(α
2 ∧ ϕ) = −α2}.
In particular,
(6.16)
Λ27V
∗
7 = {α
2 + ∗(α2 ∧ ϕ) | α2 ∈ Λ2V ∗7 }, and
Λ214V
∗
7 = {2α
2 − ∗(α2 ∧ ϕ) | α2 ∈ Λ2V ∗7 }.
Lemma 6.3. Decompose Λ2W ∗8 = Λ
2
7W
∗
8 ⊕Λ
2
21W
∗
8 according to (4.4). Then
Λ27W
∗
8 = {α
2 ∈ Λ2W ∗8 | Φ ∧ α
2 = 3 ∗ α2}, and
Λ221W
∗
8 = {α
2 ∈ Λ2W ∗8 | Φ ∧ α
2 = − ∗ α2}.
We shall also need the following result.
Lemma 6.4. For all u, v ∈W7 and a, b ∈W8 the following formulas hold:
(ıaΦ) ∧ (ıbλ
4(u)) ∧ λ2(v) =
− 4〈a, b〉W8〈u, v〉W7vol + a
♭ ∧ b♭ ∧ λ4(u) ∧ λ2(v),(6.17)
a♭ ∧ (ıbıeµΦ) ∧ (ıeµλ
4(u)) ∧ λ2(v) =
− 12〈a, b〉W8〈u, v〉W7vol + a
♭ ∧ b♭ ∧ λ4(u) ∧ λ2(v)(6.18)
where in (6.18) the sum is taken over an orthonormal basis (eµ) of W8.
Proof. By (4.4) and (4.5), the decomposition of W8⊗W8 and W7⊗W7 into
Spin(7)-irreducible summands yields
W8 ⊗W8 = ⊙
2W8 ⊕ Λ
2W8 ∼= (W1 ⊕W35)⊕ (W7 ⊕W21),
W7 ⊗W7 = ⊙
2W7 ⊕ Λ
2W7 ∼= (W1 ⊕W27)⊕W21,
so that there are two inequivalent summands in common and hence, the
space of Spin(7)-invariant tensors in W8 ⊗W8 ⊗W7 ⊗W7 is 2-dimensional.
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Since the left hand sides of (6.17) and (6.18) describe such tensors, it follows
that there must be constants c1, . . . , c4 ∈ R such that
(ıaΦ) ∧ (ıbλ
4(u)) ∧ λ2(v) =
c1〈a, b〉W8〈u, v〉W7vol + c2a
♭ ∧ b♭ ∧ λ4(u) ∧ λ2(v),(6.19)
a♭ ∧ (ıbıeµΦ) ∧ (ıeµλ
4(u)) ∧ λ2(v) =
c3〈a, b〉W8〈u, v〉W7vol + c4a
♭ ∧ b♭ ∧ λ4(u) ∧ λ2(v).(6.20)
In order to determine these constants, we first let a = b := e0, so that
(ıe0Φ) ∧ (ıe0λ
4(u)) ∧ λ2(v) =ϕ ∧ (ıu ∗7 ϕ) ∧ (e
0 ∧ v♭ + (ıvϕ))
=− e0 ∧ v♭ ∧ (ıu ∗7 ϕ) ∧ ϕ
(6.2)
= − 4〈u, v〉vol,
and from this, c1 = −4 follows. Whence if we let a := e0 and b, u, v ∈W7 =
e⊥0 then
(ıe0Φ) ∧ (ıbλ
4(u)) ∧ λ2(v)
(4.6)
= ϕ ∧ (−e0 ∧ (ıbıu ∗7 ϕ)− ıb(u
♭ ∧ ϕ))
∧ (e0 ∧ v♭ + (ıvϕ))
=− ϕ ∧ e0 ∧ (ıbıu ∗7 ϕ) ∧ (ıvϕ)
+ ϕ ∧ u♭ ∧ (ıbϕ) ∧ e
0 ∧ v♭
(6.11)
= 2e0 ∧ (ıbıu ∗7 ϕ) ∧ v
♭ ∧ ∗7ϕ
+ 2b♭ ∧ ∗7ϕ ∧ u
♭ ∧ e0 ∧ v♭
(6.5)
= − 2e0 ∧ b♭ ∧ u♭ ∧ v♭ ∧ ∗7ϕ
(4.12)
= e0 ∧ b♭ ∧ λ4(u) ∧ λ2(v),
so that c2 = 1 follows. Now substituting a = b := e0 and u = v := e1 into
(6.20) and using the index i to run from 1 to 7 yields
e0 ∧ (−ıeiϕ) ∧ (ıei(−e
1 ∧ ϕ)) ∧ (ıe1ϕ) =e
0 ∧ (ıeiϕ) ∧ (δ1iϕ− e
1 ∧ (ıeiϕ)) ∧ (ıe1ϕ)
=e0 ∧ (ıe1ϕ) ∧ (ıe1ϕ) ∧ ϕ
− e0 ∧ e1 ∧ (ıeiϕ) ∧ (ıeiϕ) ∧ ıe1ϕ
(6.3),(6.12)
= 6vol− 6e0 ∧ e1 ∧ ıe1ϕ ∧ ∗ϕ
(6.1)
= −12vol,
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so that c3 = −12 follows. Finally, for a := e0, u := e1 and b, v ∈ W7 = e
⊥
0
(6.20) reads
e0 ∧ (ıbıeµΦ)∧(ıeµλ
4(e1)) ∧ λ
2(v)
= e0 ∧ (ıbϕ) ∧ (ıe1 ∗7 ϕ) ∧ (ıvϕ)
+ e0 ∧ (ıbıei ∗7 ϕ) ∧ (−ıei(e
1 ∧ ϕ)) ∧ (ıvϕ)
(∗)
= 0 + e0 ∧ (ıbıei ∗7 ϕ) ∧ (−δ1iϕ+ e
1 ∧ (ıeiϕ)) ∧ (ıvϕ)
= − e0 ∧ (ıbıe1 ∗7 ϕ) ∧ ϕ ∧ (ıvϕ)
+ e01 ∧ (ıbıei ∗7 ϕ) ∧ (ıeiϕ) ∧ (ıvϕ)
(6.11),(6.14)
= − 2e0 ∧ (ıbıe1 ∗7 ϕ) ∧ v
♭ ∧ ∗7ϕ+ 3e
01 ∧ b♭ ∧ ϕ ∧ (ıvϕ)
(6.11),(6.5)
= 4e0 ∧ b♭ ∧ e1 ∧ v♭ ∧ ∗7ϕ+ 6e
01 ∧ b♭ ∧ v♭ ∧ ∗7ϕ
= − 2e0 ∧ b♭ ∧ e1 ∧ v♭ ∧ ∗7ϕ
(4.12)
= e0 ∧ b♭ ∧ λ4(e1) ∧ λ
2(v),
so that c4 = 1 follows. At (∗) we have used that the map
(u, v, w) 7−→ ∗
(
(ıuϕ) ∧ (ıv ∗7 ϕ) ∧ (ıwϕ)
)
is aG2-invariant element ofW7⊗⊙
2W7, and since by (4.5) ⊙
2W7 ∼=W1⊕W27
has no irreducible component isomorphic to W7, there is no such element
other than 0. 
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